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Abstract 

We consider nonlocal linear Schrodinger-type critical systems of the type 

A'^/^v = nv inM. (1) 

where J7 is antisymmetric potential in L?{]R,so{m)), t; is a JR"* valued map and 
denotes the matrix multiplication. We show that every solution v € L^{1R, iR™) of ([T|) 
is in fact in Lf^^{lR, M"^), for every 2 < p < +00, in other words, we prove that the 
system ([1]) which is a-priori only critical in happens to have a subcritical behavior 
for antisymmetric potentials. As an application we obtain the C|^" regularity of weak 
1/2-harmonic maps into compact manifold without boundary. 
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estimates. 
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1 Introduction 

In this paper we consider maps v = {vi, ■ ■ ■ , Vm) G L^{1R, M^) solving a system of the form 

m 

Vz = l---m Al/S* = ^^^;^ (2) 

i=i 

where Q = {Ql)ij=i...m G L'^{1R, so{m)) is an maps from M into the space so{m) of mxm 
antisymmetric matrices. The operator A^/^ on ]R is defined by means of the the Fourier 
transform as follows 

(given a function f, / or J-" denotes the Fourier transform of /). 
We will also simply denote such system in the following way 

We remark that the system ([5]) is a-priori critical for v G LF'{IR). Indeed under the as- 
sumptions that f , f2 G we obtain that A^/'^f e and using classical theory on singular 
integrals we deduce that v G L^'^ , the weak-L^ space, which has the same homogeneity 
of LF' . Thus we are more or less back to the initial assumption which is a property that 
characterizes critical equations. 

In such critical situation it is a-priori not clear whether solutions have some additional 
regularity or whether weakly converging sequences of solutions tends to another solution 
(stability of the equation under weak convergence)... etc. 



In [lOj and [TT] the second author proved the sub-criticality of local a-priori critical 
Schodinger systems of the form 

m 

Vi = 1 ■ ■ ■ m - Au* = ^ ^. ■ Vu^ , (3) 

i=i 

where m = (m\ • • ■ , m'") G W^'^{D^, R"") and n G L'^{D^, x so{m)) or of the form 

m 

= 1 ■ • • m - Av' = '^Qiv\ (4) 
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where v e L'"/("-2)(5", iR"") and Q e L'^'^{B'',EJ^). In each of these two situations the 
antisymmetry of VL was responsible for the regularity of the solutions or for the stability of 
the system under weak convergence. 

Our first main result in this paper is to establish the sub-criticality of non-local Schrodinger 
systems of the form ([2]). Precisely we prove the following theorem which extends to a non- 
local setting the phenomena observed in [10] and [TT] for the above local systems. 



Theorem 1.1 Let Vt G L'^{]R, so{m)) and v G L?'{]R) he a weak solution of 

A^/^v = nv. (5) 

Then v G L^^^{]R) for every I < p < +oo. 

As in the previous works the main technique for proving the above result is to proceed 
to a change of gauge by rewriting the system after having multiplied w by a well chosen 
rotation valued map P G i/i/2(^iR, ^O(m) which is "integrating" Q in an optimal way. 
In [To] the choice of P for systems of the form ([3]) was given by the geometrically relevant 
Coulomb Gauge satisfying 

div [P-^VP + P^^nP] = . (6) 

Here, like in [TT], an appropriate choice of the gauge P satisfies a maybe less geometrically 
relevant equation which seems however to be better adapted to the system ([2]) : 

Asymm [p-^A^/^P] = 2'^ [p-^A^'^P - A^/^p-^P] =n. (7) 

The local existence of such P is given by the following theorem. 

Theorem 1.2 There exists e > and C > such that for every Q G L^{1R; so{m)) satisying 
Jj^\Q\^dx < 6, there exists P G H^^'^{1R, SO{m)) such that 



r r (8) 

/ \A^/^P\^dx <C \n\''dx. 

□ 



The proof of this theorem is established following an approach introduced by K.Uhlenbeck in 
[T6] while constructing Coulomb Gauges for curvatures in 4 dimension. The construction 
does not provide the continuity of the map which to i7 G assigns P G H^^^. This 
illustrates the difficulty of the proof of Theorem 11.21 which is not a direct consequence of an 
application of the local inversion theorem but requires more elaborated arguments. 



(1) 



SO{m) is the space oi m x m matrices R satisying R*R = _Ri?* = Id and det{R) = +1 
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Thus if the norm of VL is small, Theorem 11.21 gives a P for which w : = Pv satisfies 

A^/^w = -[Pnp-^ - ^^'^PP-^]w + N{P,v) 

= -symm{A^/^PP-^) w + N{P,v). (9) 

where is the bilinear operator defined as follows. For an arbitrary integer n, for every 



Q G H^I'^iM', Mexmi^"")) i>(J^andve L'^{IRJ', IBJ^), N is given by 



N{Q, v) := A'/\Q v) - + A^'^Q v . (10) 

One of the key result used in [4j estabhshes that, under the above assumptions on Q G 
H^I^{Sr,M^{IR)) and v G L^M'^R"'), N{Q,v) is more regular than each of it's three 
generating terms respectively A^^^{Q v), QA^^^v and A-^/^Qvl^. We proved that N{Q,v) 
IS m fact in H-^'^{1R,1R!^). Such a resuh in 0] was called a 3-commutator estimate (see 
Theorem II. 3p . 

In the paper [S] we are improve the gain of regularity by compensation obtained in [1]. 
In order to make it more precise we recall the definition of the Hardy space 'H}{]R^) which 
is the space of functions / on iR"satisfying 



/ sup \(j)t * f\{x) dx < +00 , 



where 0t(x) := t ^ (f){t ^a;}_and where is some function in the Schwartz space S{1R^) 
satisfying Jj^n (p{x) dx = 1. 



(4) 

Lemma 1.1 There exists a constant C > such that, for any Q G H^/'^{1R^ ^ Mm{JR)) and 
V G L\R",R"'), N{Q,v) = A^/\Q v) - QA^/^v + A^I^Q v is mU^M") and the following 
estimate holds 

\\N{Q,v)\\n^<C\\QU./2 Mlhm). (H) 

Thus in equation ^ the last term in the r.h.s happens to be slightly more regular. It remains 
to deal with the first term in this r.h.s. : —symm{A^^^PP~^)w. A-piioii symm{A^^^PP^^) = 

again we are going to take advantage of a 
gain of regularity due to a compensation. Though, individually each of the terms A^^^P P~^ 
and it's transposed P A^^^P~^ are only in L^, the sum happens to belong to the "slightly" 
smaller space L^'^ defined as follows: L^'^(iR) is the Lorentz space of measurable functions 
satisfying 

t-^'^f*{t)dt < +CX), 

1R+ 



M.i^m{JR) denotes, as usual, the space oi I xm real matrices. 
^^■*The last one for example being only a-priori in L^. 
(''^For more properties on the Hardy space V} we refer to [7] and (51. 
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where /* is the decreasing rearrangement of |/| . 

The fact that symm{A^/^P p-^) belongs to /.^'^(iR) comes from the combination of 
the following lemma according to which A^^^(symm(A^^'^P P~^)) E 1-L^{1R) and the sharp 



Sobolev embedding Pi which says that / G 1-L^{1R) implies that A ^/^/ G L?"-^ . Precisely we 
have 

Lemma 1.2 Let P G H^^^^M, SO{m)) then A^/^[symm{A^/^P p-^)] is in the Hardy space 
'H}{]R) and the following estimates hold 

||^l/4[^l/4p p-1 ^ p ^l/4p-l]||^^ < C\\P\\]j,/, 

where C > is a constant independent of P. This implies in particular that 

||symm(Ai/^P P-')]\\L^^ < C\\P\\l,,, . 

The proof of this lemma is a consequence of the 3-commutator estimates in [4j (see Theorem 
11.51 below). 

Remark 1 The fact that, for rotation valued maps P G Ty^'"/^(iR", S'O(m)) {n > 2), 
symm{AP P~^) happens to be more regular than Asymm{AP P~^) was also one of the key 
point in [llj . 

As we explain in Section 3 Theorem 11.11 is a consequence of this special choice of P for 
which the new r.h.s. in the gauge transformed equation (Q is slightly more regular due to 
lemmas 11.11 and lemma II. 2[ More precisely this gain of regularity in the right of equation ([9]) 
combined with suitable localization arguments permit to obtain the following local Morrey 
type estimate for Pv and thus for v, being P bounded, 

sup r-^ I \A^'\\dx<C (12) 

xo&b\o,p) J B{xo,r) 

0<r<p/A 

for p small enough and < 13 < 1/2 independent on xq. Theorem 5.1 in pLj yields that 
V G i^L(^) for some g > 2 . @ 

Our study of the linear systems has been originally motivated by the following non-linear 
problem. 

In the joint paper [1] we proved the C^^^ regularity of weak 1/2-harmonic maps into a 
sphere S^~^. The second aim of the present paper is to extend this result to weak 1/2- 
harmonic maps with values in a fc dimensional sub-manifold A/", which is supposed at least 



(^)The fact that v € implies A-^/^w G L^'i is deduced by duality from the fact that A^/^w G L^'' 
implies that v e BM0{1R) - This last embedding has been proved by Adams in [I] 

In a paper in preparation [5] we show that the solutions of ^ are actually in Lf^^{lR) . 
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C^, compact and without boundary. We recall that 1/2-harmonic maps are functions u in 
the space H^/'^{IR,M) = {u E H^^'^{1R, IR^) : u{x) G A/", a.e, } , which are critical points for 
perturbation of the type Il^{u + tip), {ip G C°° and Ilj^ is the normal projection on J\f) of 
the functional 

C{u)= I \^^'%{x)\Mx, (13) 
Jm 

(see Definition 1.1 in [4J) . The Euler Lagrange equation associated to this non linear problem 
can be written as follows : 

A v{u) = in V'iTl) , (14) 

where v{z) is the Gauss Maps at 2; G A/" taking values into the grassmannian Grm-k{JR^) of 
oriented m — k planes in iR™ which is given by the oriented normal m — A;— plane to T^M . 



(7) 



The Euler Lagrange equation in the form (1141) is hiding fundamental properties of this 
equation such as it's elliptic nature. ..etc and is difficult to use directly for solving problems 
related to regularity and compactness. One of the first task is then to rewrite it in a form 
that will make some of it's analysis features more apparent. This is the purpose of the next 
proposition. Before to state it we need some additional notations 

Denote by P^{z) and {z) the projections respectively to the tangent space T^M and 
to the normal space N^M to J\f at z E J\f . For u G H^^'^{]R,J\f) we simply denote by 
and P^ the compositions P^ o u and P^ o u. In Section [5] we establish that , under the 
assumption to be C^, P'^ ou as well as P^ ou are matrix valued maps in H^^^{]R, Mm{JR))- 

A useful formulation of the 1/2-harmonic map equation is given by the following result 

Proposition 1.1 Let u G H^^'^{]R,N') he a weak 1/2-harmomc map. Then the following 
equation holds 

A'^/% = ni + n2v + nv, (15) 

where v G L^{]R, M^"^) is given by 

P^A^/^u 
UP^A'/^u 



V :- 



and where IZ is the Fourier multiplier of symbol cr(^) = « ||j 
G L'^{1R, so{2m)) is given by 




•^7)811106 we are assuming that J\f is C^, is a map on J\f and the paracomposition gives that is 
in ij^/^(JR, A™~'^i??™) hence, since A^^^u is a-priori in H^^/^ the product /S^/'^u A i'{u) makes sense in V 
using the duaUty ij^/^ - if-^/^ 
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the maps u and u-ji are in L'^{1R, so{m)) and given respectively by 

AV4 pT pT _ pT^l/i pT 

^ = 2 ' 

and 

{JZ^V^pT^pT _ pT(Jl^l/ipT^ 

uJn = ^ . 

Finally the maps Vti and Vt-^ are respectively in L'^'^{]R, M2miSi)) and in (]R, ]R^"^) . 

The explicit formulations of Qi and Q2 are given in Section |5l The control on Qi and 
Q2 is a consequence of regularity by compensation results on some operators that we now 
introduce. 

For every Q,v E LF'{]BJ^) we define the operator F by 

F{Q,v):=n{Q)TZ{v)-Qv. (16) 
In |3] it is shown that F{Q,v) e H-^/^{R) and 

iim^)ii <c\\Q\\mM)\\v\\LmR)- (17) 

By a suitable estimate on the dual operator of F (Lemma IB.SP we deduce the following 
sharper estimate 

ll^(Q>^)lli?-V2(R) < C||Q||L2(iR)||^||L2>-(iR) • (18) 

Next we recall some commutator estimates we obtained in [1]. 
Theorem 1.3 Let n e IN* and let u e BMO{IR^), Q G H^/^{]RJ',Me>,m{]R)) . Denote 

T{Q, u) := A^/\QA^/\) - QA''\ + A''\/\^I^Q , 
then T{Q,u) E H^^^'^^M^) and there exists C > 0, depending only on n, such that 

\\T{Q <C\\Q\\ (19) 

□ 

Theorem 1.4 Let n e IN* and let u G BM0{1R^), Q G H^/^{R'', Mexmi^)) ■ Denote 

S{Q, u) := A^/^[QA^/\] - n{QVu) + n{A^'^QnA^/^u) 

where TZ is the Fourier multiplier of symbol m(^) = i-^^ . Then S{Q,u) G H^^^'^{1R^) and 
there exists C depending only on n such that 

l|5'(Q,M)||H-l/2(Kn) < C ||<5||£fl/2(jRn)||M||BMO(iR") • (20) 

□ 
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As it is observed in |1] Theorems 11.31 and 11.41 are consequences respectively of the following 
results which are their "dual versions" . 

Theorem 1.5 Letu,Q e H^^^iM"), denote 

R{Q, u) = A^/\QA^/Si) - A'^\Qu) + A'^\{A^/^Q)u) . 

then R{Q,u) e HH^R") and 

l|-R(Q,M)||^l(JRn) < C||Q||^l/2(jfJn)||M||j/l/2(JR„) . (21) 

Theorem 1.6 Letu,Q E H^/^iM"), denote 

S{Q, u) = A^/\QA^/^u) - V{Qnu) + nA^'\A^/^Qnu) . 
Then S{Q,u) G H^{IRJ') and 

ll'S'(Q,u)||^l(iRn) < C'||Q||ifl/2(Kn)||M||^l/2(JJn) . (22) 

□ 

Since the operators R and 5* are the duals respectively of T and S*, by combining Theorems 
ll.3l and ll.5l and Theorems 11.41 and 11.61 one gets the followings sharper estimates for T and S: 

ll^(Q> w)llH-l/2(Kn) < C ||(5||^l/2(jR„)||A^/^M||i2,oo(Kn) ; (23) 

<C\\Q\\ ||A^/^n|U2,co(K„). (24) 

An adaptation of theorem 11.11 to the Euler Lagrange equation of the 1/2- Energy written 
in the form f llSp leads to the following theorem which is the second main result of the present 
paper. 

Theorem 1.7 Let Af be a closed submanifold of IR^ . Let u G H^^'^{lR,Af) be a weak 
1/2— harmonic map into U, then u G C";"(iR, U) . □ 

Finally a classical elliptic type bootstrap argument leads to the following result (see [S] for 
the details of this argument). 

Theorem 1.8 Let M be a smooth closed submanifold of IR^. Let u be a weak 1/2-harmonic 
map m H^/^{R,J\f)), then u is . □ 

The regularity of critical points of non-local functionals has been recently investigated by 
Moser [9j. In this work critical points to the functional that assigns to any u G H^^^{]R,Af) 
the minimal Dirichlet energy among all possible extensions in A/" are considered, while in 
the present paper the classical H^^"^ Lagrangian corresponds to the minimal Dirichlet energy 
among all possible extensions in IR^ . Hence the approach in [S] consists in working with 
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an intrinsic version of if^/^— energy while we are considering here an extrinsic one. The 
drawback of considering the intrinsic energy is that the Euler Lagrange equation is almost 
impossible to write explicitly and is then implicit while in the present case it has the explicit 
form f[T^ . However the intrinsic version of the 1/2— harmonic map is more closely related 
to the existing regularity theory of Dirichlet Energy minimizing maps into M. 

The paper is organized as follows. 

- In Section |3] we prove Theorem 11.11 . 

- In Section m we prove Theorem 11.21 . 

- In Section O we derive the Euler-Lagrange equation (IT^ associated to the Lagrangian 
f ll3p and we prove Theorem 11.71 . 

- In Appendix |X] we prove some L— energy decrease control for solutions to linear non- 
local Schrondiger type systems . 

- In Appendix [B] we provide commutator estimates that are crucial for the construction 
of the gauge P. 

2 Preliminaries: function spaces and the fractional Lapla- 
cian 

In this Section we introduce some notations and definitions we are going to use in the sequel. 

For > 1, we denote respectively by S{IR^) and S'{1R^) the spaces of Schwartz functions 
and tempered distributions. Moreover given a function v we will denote either by v or by 
J^[v] the Fourier Transform of v : 

{)(^) = = f v{x)e-'^^'''^ dx . 

JlR" 

Throughout the paper we use the convention that x, y denote variables in the space and ^ 
the variable in the phase . 

We recall the definition of fractional Sobolev space (see for instance |15]). 

Definition 2.1 For a real s > 0, 

H'iM'') = {ve L^M"") : \^\'T[v] G L^M"")} 

For a real s < 0, 

H'iR'') = {ve 5'(iR") : (1 + \C\yj^[v] G L\1R'')} . 

a 
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It is known that H-'{R'') is the dual of H'{W) . 

For < s < 1 another classical characterization of if *(iR") which does not make use the 
Fourier transform is the following, (see for instance [15j). 

Lemma 2.1 For < s < 1, -u G H^{1R^) is equivalent to u E L?'{1R^) and 

{u{x)-u{y)f^ ^^'"^ 



I \ I rv^ rt I I ?2-|~2s 



'■\ V 

- 1 dxdy 1 



< +00 . 



□ 



For s > we set 
and 



\u\\ t 



\mv]\\LW)- 



For an open set Q C iR", H'^{Q) is the space of the restrictions of functions from H^{]R^) 
and 

hWk^in) = inf {||f/||i/.(iRn), f/ = m on fij 
In the case < s < 1 then u G H^{Q) if and only if m G L^{Q) and 

f f f {u{x) - u{y)f\ , , V^' 
Moreover 

{u{x)-u{y)f\ , , V^' 
U\\ustn^^\ I I — r^^\dxdy\ <+oo, 




see for instance 

Finally for a submanifold A/" of M"^ we can define 

if'(iR", A/") = {m G if^(iR", iR'") : u{x) G A/", a.e.} . 

Given q > 2 we also set 

iy^''?(iR") := {v G L«(iR") : l^l'^H e • 



We shall make use of the Littlewood-Paley dyadic decomposition of unity that we recall 
here. Such a decomposition can be obtained as follows . Let be a radial Schwartz 
function supported in G iR" : |^| < 2}, which is equal to 1 in G iR" : |^| < 1} . Let 
ip{^) be the function given by 

^(0 := m - m) ■ 

ijj is then a "bump function" supported in the annulus G : 1/2<|,^|<2}. 
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Let ipQ = (j), ipjiC) = V'(2 ■'0 J 7^ • The functions ipj, for j G are supported in 
G iR" : 2-^"^ < 1^1 < 2-^+^} and they reahze a dyadic decomposition of the unity : 



x) 



1. 



We further denote 



The function 0j is supported on |^| < 2-^+^}. 

We recall the definition of the homogeneous Besov spaces -Bpg(iR") and homogeneous 
Triebel-Lizorkin spaces F^^{]R^) in terms of the above dyadic decomposition. 



Definition 2.2 Let s e M, < p,q < oo . For f G 5'(iR") we set 



\u\ 



\u 



J2 2n\j'-'[i^,nn] 



\3=-oo 



if q < oo 
if q = oo 



(25) 



When p,q < oo we also set 



\u\ 



J2 2nJ'''[i^jJ'[n] 



1/9 



\J=-oo 



LP 



□ 

The space of all tempered distributions u for which the quantity \\u\\^, is finite is 

called the homogeneous Besov space with indices s,p, q and it is denoted by B^^^{IR^). The 
space of all tempered distributions / for which the quantity \\f\\pa (j^n) is finite is called the 

homogeneous Triebel-Lizorkin space with indices s,p,q and it is denoted by F^^{]R^). A 
classical resuh says @ that W''\W) = Bl^iST) = Fl^{]R^) . 

Finally we denote 'H}{IR^) the homogeneous Hardy Space in iR". A less classical results 
asserts that 'H}{Wr') ~ ^2°! thus we have 



(9) 



1/2 



dx . 



'^••See for instance [7] 
See for instance [5]. 
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We recall that in dimension n = 1, the space if^/^(iR) is continuously embedded in the 
Besov space B^^{1R). More precisely we have 

H'/'iR) BMO{R) Bl^^iR) , (26) 

where BM0{1R) is the space of bounded mean oscillation dual to 'H}{IR^) (see for instance 
[H, page 31). 

The s-fractional Laplacian of a function u : iR" — )■ iR is defined as a pseudo differential 
operator of symbol : 

A^(0 = \i?'m . (27) 
In the case where s = 1/2, we can write A^/^-u = — 7^(Vm) where TZ is Fourier multiplier of 



n 



symbol rp^^^k ■ 

k=i 



1 " 



for every X : iR" — )■ IR^ , namely 7^ = A^^/^div . 

We denote by Br{x) the ball of radius r and centered at x. If x = we simply write Br . 
If x,y E iR", X ■ y denote the scalar product between x, y . 

For every function u: iR" — )■ iR we denote by M{u) the maximal function of u, namely 

M{u)= sup |5(x,r)|-W |m(i/)M?/. (28) 

r>0, xGiR" Jb(x,t) 

3 Regularity of nonlocal Schrodinger type systems 



In this Section we prove Theorem 11.11 The proof is based in particular on the localization 
estimates established in Appendix |A] as well on the 3 commutator estimates (l23i) and (12T|) . 
Proof of theorem 11.11 

Let p > be such that ||lB(o,p)f^||L2 < Sq, with Eq small enough. We decompose VL as 
follows Vli = 1b{o,p)^ and = (1 — ls(o,p))^- 

Let P e H^^^M, so(m)) given by Theorem II. 2 [ We have 

A^/\Pv) = [PQiP-^ - A^/^PP-^] Pv + N{P, v) (29) 

where is the operator defined in lemma [TDl 
Since P satisfies ([HD(i) we have 

= -symm{A^^^PP-^) . 
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A^/^[symm{A^/^PP-')] = A^/^[(A^/^P)p-^] + A^/^[P A^^^P'^] - A^'^PP-^) e n\lR) 
since PP'^ = Id. Thus symm{A^/^PP-^) e L'^^^{IR). 



(10) 



Claim 1. From Theorems 11.31 and 11.51 we can deduce the estimate fl23|) . which can be 
expressed in term of the operator N as follows: 

\Wi.Q^'")\\m/2{]R^) < C\\v\\l-^.^(IR") ||Q||//l/2(JRn) • 

for every Q e i/^/^^iR") and v e L'^iM") . 
Proof of Claim 1. 



||iV(Q,^;)||^_,/,(^„ 



sup / N{Q,v)hdx 

= sup / v[Q{A'/^h) - A^/\Qh) + {A^/^Q)h]dx 

= sup [ vA-^/\R{Q,h))dx 
And using Theorem 11.51 we obtain 

ll^(<3,^)lli/-l/2(JRn) < \\hyi/2\\v\\L2,^\\Q\\Hl/2 

< \\v\\l2.^\\Q\\h1/2 . 

which concludes the proof of claim 1. □ 
We set now w = Pv and to = —symm(A^^^PP^^) and rewrite equation ( 129|) as follows 

A^^^w = uJW + N{P,p-^w) + n2P-^w. (31) 

where by construction ||(X'||l2,i, ||P||/fi/2 < eq . 

Claim 2 : There exists q > 2 such that v G L^^^(iR). 

In order to establish the claim 2, a "natural approach" would be to try to prove directly a 
Morrey decrease for the norm of v (or equivalently the norm of w), that is an estimate 
of the form 

1/2 

sup I If P dx < +00 . 

xoeB{0,p/4) ,r>0 \_JB(xo,r) 



(io)'\Ye recall that v G TH} implies A ^/"'w g L^'^ see a footnote in the introduction. 
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for some positive constant /3 > 0. We however failed to work directly with the LP' norm. 
We have been instead more successful in working with it's weak version : the L^'°°— norm. 
Precisely we are going to establish the following bound 

sup \\w\\L2,^(^B{xQ,r)) < +00. 

xoG-B(0,p/4) ,r>0 

Let Xq G 5(0, p/4) and r G (0,p/8). We argue by duality and multiply (EI]) by which 
is given as follows. Let g G L'^'^{1R), with < 1 and set Qra = ^B{xo,ra)g, with 

< a < 1/4 and = A-^/^{gra) e L^{R) n H^/^{R) . We take the scalar product of both 
sides of equation ( 1?!]) with and we integrate. 

Left hand side of the equation ( 131 p : 



sup / A^^^wdx = sup / QraWdx 

Jm M\t2.i<iJ ]r 



Ilslli2.i<i ViR \\g\\L2,i<iJiR (32) 

= ||'U^||L2>°°{_B(xo,ra)) • 

Right hand side of the equation ( 131 p : 

We apply Lemmae lA.ll , IA.3I and IA.4I and we respectively obtain in one hand 



R 



Uwdx < \\uj\\l2.i \\g\\L'^,i \\w\\L2,^^Bixo,r)) 



_|_ ^ 2 '^/'^a^/'^\\uj\\L2^ ||fi'||L2.i \\u!\\L2,'^(B(xo,2h+^r)\B{xo,2''-^r) (33) 
h=-l 

+00 

^ £^o||w^||L2>°°(B{a;o,r)) + tt^^^ ^ 2 ''^^ || ti' || L2>°°{B(xo,2^+ir)\B{a;o,2'»-ir)) • 

h=-l 

In the other hand 

bN{P,P'^w)dx < £:o|kl|L2>-{B(xo,r) 
^ +00 (34) 

+ Ca^/^ ^2 ''^^||u'||L2.oo(5(j.Q_2'>+ir)\B(xo,2ft-ir-)) 5 

and finally 

f n^P-^ w (Pdx < Ca^'^r^l^ . (35) 
Thus combining (1321) . . . flM]) we get 

||'W^||L2,°°(B(io,ra)) ^ ^^0 1| ""^ ||L2,oo(5(j.g^r) (36) 

+00 



?i=l 
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If a and e are small enough the formula fl36|) implies that for all xq G B(0,p/4) and 
< r < p/8 we have ||w||2,2,oo(5(^.g j,)) < Cr^ , for some /9 e (0,1/2). Since P G this 
implies that 

sup r"^ / \t\^l^v\dx < +00 . (37) 



xoeB(0,p/4) JB{xo,r) 

Theorem 5.1 in [1] yields that v G Ll^J^M) for some q > 2 which finishes the proof of claim 
2. 

Claim 3: G Lf^^{]R) for every p > 2. 

To this end we consider again p > such that ||lB(o,p)fi||L2 < Eq, with eg small enough. 
We decompose fl as follows. Let Qi = 1.b(o,p)^ and ^2 = (1 — 1b(o,p))^- We consider an 
arbitrary q > 2 such that v G L^^^. 

Let xo G 5(0, p/4), r G (0, p/8), g e L^-i (iR), with Hs'll^^ < 1 and set gra = lBixo,ra)9, 
with < a < 1/4 and = A~-'^/''((yfrQ,) . We write the equation (|5]) as follows 

+00 

A^/'^f = flllB(xo,r/2)V + y^^llB(xo,2fa+lr)\B(xo,2fc-lr)^' 

/i=0 

+ ^2^. (38) 

We take the scalar product of the equation fl5Sl) with A^^/'^((7j,q,) and integrate. By arguing 
as above, one gets 

i/<? 



sup r 

xoeB(o,p/4) 

r>0 



If I'^fia; 



B(zo,r) 



< +00 (39) 



with < 7 < 1/4 independent on q. Thus by injecting fl39|l in the equation ([5]) we obtain 
for the same 7 > independent of q 

sup r^"' \\A^^^v\\i2q/{q+2)B(xo,r) dx < +00. (40) 

xoeB(0,p/4) 
r>0 

Theorem 3.1 in P yields that v G L^^^, with g > g . is given by 

q-' = q-^-2-'[r\q-' + 2-^)-l]-\ 

Since q > 2 we have 

-1^ -1 27 
g <q 



1-47 

By repeating the above arguments with q replaced by q one finally gets that v G Lf^^ for 
every p > 2 . This concludes the proof of theorem 11.11 □ 
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4 Construction of an optimal gauge P : the proof of 
theorem II. 2L 



Proof of Theorem II. 2L 

We follow the strategy of [TT] in order to construct solutions to Asymm{P^^ AP) = Q 
which was itself inspired by Uhlenbeck's construction of Coulomb Gauges solving 

Let 2 < q < +00 and denote 1 < g' < 2 to be the conjugate of q : {q)~^ + {q')~^ = 1- We 
consider 

= e L''{]R,so{m))nL'^'{]R,so{m)) : j \n\^dx<e^. 
Claim: There exist e > small enough and C > large enough such that 

Q EU^ : there exits P satisfying ^ (iJ-fH) 



and [ |A^/^P|«c/x <C [ l^^dx 



is open and closed in and thus = (U^ being path connected) . 
Proof of the claim 

We first observe that V^c 7^ 0, (0 G V^^^) • 
Step 1: For any e > and C > 0, V^q is closed in L'^ fl L''' {IR, so{m)). 

Let f2„ G V^c* such that i7„ — )■ iloo in the norm L'^ fl L"^', as ri — > +00 and let P„ be a 
solution of 

p-'A'/'Pr, - A'/^P-^P^ = 2fi„ 



I \A^'^Pn\^dx <Co [ \nn\^dx, 



Since Vt^ — ?■ in the norm L'^ fl L'^' and jj^ \Vln\^dx < e, we can pass to the limit in this 
inequality and we have 

\^oo?dx<e (41) 



which implies that Vtao G Ue- 

One can extract a subsequence P„' ^ Poo in H^^"^. By Rellich-Kondrachov Theorem we 
also have P„/ — )■ Poo in Lf^^ and hence Poo G SO{m) a.e. Thus Poo G if^/^(iR, SO{m)) and 
the lower semi- continuity of the H^^^ and W^^'^''^ norms implies that 



[ lA^/^Pooprfx < Co / Iflool^dx 
Jm Jm 

and [ lA^/^Pool^rfx < Co / in^d'^dx . 
Jm. Jm 



(42) 
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We have 

p-'A'/^Pn - Ai/^P-Ip„, ^ P^'A'/^P^ - A^/^P^iPoo in V'{1R) . 

Since P-^A^/^P^ - A^/^p-^P^ = in V as well, we deduce that 

P^'A'/^P^ - A^/'^P^iPoo = Qoo a.e. (43) 

and combining fj4Tl) . fj42|) and fH3|l we deduce that Q^o ^ "which concludes the proof of 
Step 1. 

Step 2: For e > small enough and C > large enough V^q is open. 

For every Pq G W^^'^^'^{1R, 5*0 (m)) n H^/'^{1R, SO{m)) we introduce the map 

— > (PoexpUy^A^/^PoexpU) - A^/\PoexpU)-\PoexpU) . 

We claim first that is a map between the two Banach spaces 
and UfM'i\lR, so{m)) 

i) Since IV^/^'^ for q > 2 embedds continuously in C^, the map \^ — )■ exp (V) is clearly 
smooth from W^/^''^ f] W^/^''^'{R, so{m)) into VT^/^.g p vi/i/2,9' ( ^O(m)). 

ii) The operator A^'^ is a smooth linear map from iyV2,g p W^/^''^' {M, Mm{M)) into 
L«nL'''(iR,M^(iR)). 

iii) Since again W^l'^'^ embedds continuously in - W^^'^''' fl ly^/^''^' is an algebra - the 
following map 

n : W^/^''^ nW^/^''''{R,Mr,{R)) X L'^ nL'^'{lR,Mn{lR)) — > f] L"' {R, Mn{lR)) 

{A,B) — > AB 

is also smooth. 
Now we show that dF^° = L^^ ^ 

^Po(^) _^ p-^A^/^Po + A'/\r^ P,')Po 

+P,-'A'/\Pov)-A'/'P,-'PoV. 

(-'^^^In order to define as a map from W^^'^''^ fl W^/^'i into n i"* we recall again that we make use 
of the embedding W^/'^^''{1R) ^ L°°{1R) if q > 2 (see for instance [12, pag 33). 
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• Differentiability of F^" at f/ = : 

First of all we estimate 

[Po exp(r/))-iAi/^(Po exp Uv) - P,'A'/'Po + vPo'^'^'Po - Po'A'/\r^Po) \ 

< ||A^/^(Po)L,nL^ ||(Poexp(r/))-i - P,' + v{Po)-'\\,^ 

+ ||(Poexp(r^))-i||^^ ||Ai/^(Poexp(r/)) - Ai/^(Po) - A'/\Pov)\\^,^,, (44) 

+ \\A'/\Pov)\\^,^^,, ||Poexp(r/)-Po||^^ 



lL9nL9' • 



< C o(ir'/llvyi/2,?(K)y 
The estimate of 

||(Poexpr^)-iAV^(Poexp (r/)) - Po-^AV^(Po) - Po-^Ai/^(Por^) + A'/'P,~'Pov\ 
is analogous. Hence we have proved that dF^^ := L^". 

• doF^° is an isomorphism from W^^'^''^ nW^^'^''^' {M, so{m)) into L'^ H L''' {M, so{m)) : 
Precisely we prove the following lemma. 

Lemma 4.1 There exists e > such that if ^"^ec ^^'^ -^o is solution of IjL^(i), then for 
every w G L'^ fl L"^ {M, so{m)) there exists a unique t] G 

n W^/^''>\]R, so(m)) such that 
u = -r^P,'A'"P, + A''\t^P^')P, + P,'A'/\P,i^) - A^/^Po-^Por; (45) 

and 



lhllw^i/2,5nH/i/2,9' < ll^llignL-j' • 



□ 



Proof of Lemma 14. li We first observe that since VLq G V^fj, then 

f |A^/^Po|^rfa; < C f l^t^l'^dx <C e 



(46) 



and 



[ lA^/^Pol'dx < C [ l^ol'^dx. (47) 
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Claim 1. Let 1 < r < 2. L^" is an isomorphism between W^^'^''^{IR, so{m)) and U ^ namely 
for any u G U'{]R, so{m)) there exists a unique i] G W^^'^'^{]R, so{m)) solution to L^°{r]) = co 
and 

||'7||^yi/2,r < C WujWlt 

for C > . 

We rewrite the equation fj45|) in the following way 



u = - 2r]Po^A^/^Po - 2A^/^Pq^Pq7] (48) 

+Q(r7,Po)-Q*(r/,Po), 

where 

g(r/, Po) = Ai/^(r/Po-i)Po + V Po'^'^'Po - ^^'S ■ (49) 
From Lemma IB.4I and Lemma IB. 51 it follows that 

||g(r/,Po)|U'- <C^hlUv2,. (l|i^o|li^i/2 + ||Po|liv2ll^o||L-) . (50) 
Since + (2 — r) (2r)^^ = r~^, by applying Holder Inequality we get 

\\r^ Po-^AV^PoIU- < ||r/|L../(._.)||Po-iAi/^Po|U2 . (51) 
Thus, since W^''^''^{lR,so{'m)) L~ , we also have 

llr^Po-W/^PolU- <C||r7||^V2,.||Po"W/4Po||L2. (52) 
We consider the following map 

^Po. w^l^^'\]R, so{ni)) U{lR,so{m)), 
H^^>ir]) = ~27^P,-'A'/^Po-2A'/^P,-'PoV + Qiv,Po)-Q\v,Po)- 

From dSnD and it follows that there exists a constant C > (independent of Pq) such 
that 

||i^''°(r?)||L^ < C M\wy^,r [\\Po\\h^/2 + llPollii/.llPolU^ . 

Because of (ge]), ||Po||hi/2 < (C e)^''^ and hence, if e > is small enough, L^" = 2A^/^ + 
Hp^ : VF^/^''"(iR, so(m)) — )■ U'(]R, so{m)) is invertible which proves the first claim. 

Claim 2. Lei q' < r < 2. Let uj E L'^ r\ U and rj be the solution of L^°{r]) = u then f] is in 
We apply Lemma [B.Ti to 

A'/'rj - P,-'A'/\Pov) = A'/\P,-'Pov) - Po'A'/\Pov) 
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and we obtain 

- Pq^^^'\PqV)\\l^ < ll^0^IUi/2,'-{K,.o(m)) ll^olUi/2,,(jR,,o(^)) (53) 

where t is given by j = ^ + In a similar way we have 

||AV4^ - aV4(^p-1)Po||^, < 11,^11^,/,,, [||P,||^^ + ||Pobv2] ||Po|lvFV2.(K,.oM • 

On the other hand we also have 

llr^Po^'A^/'^oIlL* < M^^. I|A'/'Po||l. (54) 

Thus Q(?7, Pq), (5*(?7, Pq) and Hp^{r]) are in L* . Thus since a; G L"^ fl L*", we have A^/^'i] G L* 
as well. Since q' < r < 2 and j = ~ + ~ ~ "we have that t > 2. A^^^r] E L'^ D for some 
r < 2 and t > 2 implies that rj G (see for instance [2], pag 25) . 

From the fact that 77 G we deduce that t] Pq"^ A^/^^Pq G L« and A^/^'Po^^Pq t] e . 
Now we apply Lemma E?] respectively to a = Por] G if^/^ fl L°°, b = Pq^ G W^/'^''^ and 
a = rfP^^, b = Pq and we get that Hp^ij]) G L"?. Since a; G L"^ fl L'" we have A^/^r/ G as 
well. Moreover the following estimate holds 

||A^/^?7||l, < C llc^llL-inL'- < C llwlli.nL'j' ) 

which proves the claim 2. 

Combining claim 1 and claim 2 we obtain that for any w G fl L^' {IR, so{m)) there 
exists a unique r] G 1^^/^'^ fl iy^/^'^'(iR, so(m)) such that 

L^°ri = CO , 

and 

ll''?llw'i/2,<?niyi/2,9' <C ll^llL9nL9' 



This finishes the proof of lemma 14.11 □ 
Proof of step 2 continued. We apply Implicit Function Theorem to and we deduce 
that for every P in some neighborhood of Pq and in a neighborhood of Qq (both neghbor- 
hoods having a size depending on Pq and Qq of course) the equation ©(i) is satisfied and 
for some constant C > 

||A^/^P|U, < CMli. 

By possibly taking a smaller neighborhood of Pq we may always assume that Jj^ | A^/^Ppdx < 
e <1. 

Step 3:The fact that jj^ \A^I^P\'^dx <e<l implies that jj^ \A^'^P\'^dx < C J^^ \n\'^dx . 
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m. 



We write 

= -{p-^A^/^P - A^/^P-^P) + -{P-^A^/*P + A^/^p-ip) . 

We set 

s?/mm(p-iAi/4p) := ^(p-^A^/^P + A^/^p-^P) 

and 

v4symm(p-iAi/^P) := i(p-iAi/^P - A^/^P'^P) . 
We apply Lemma IB.5I and we get 

\p-^A'/^P + A'/^p-'P\^dx < C\\P-'A'/^P\\1, 
< C\\A^/*P\\l2 {\\symm{p-^A^/^P)\\L2 + \\Asymm{p-^A^/^P)\\L2) . 

Thus we get 

\\symm{p-'^A^/^P)\\L2 < Ce {\sym[p-^ A^I^P)\u2 + \Asymm{p-^ A^I^P)\u2) . 
If £ > is small enough then 

\^symm{p-^A^I^P)\i^2 < C\\Asymm{p-^A^/^P)\\L2 = C\\Q\\l2 
which ends the proof of Step 3. 

Step 4. Take now Q & and Jj^\Q\'^dx < e. Let Vt^ G W| be such that — > f2 as 
k — > +00 in L^. By arguing as in the proof of that V| is closed one gets that there exists 
P G H^'^ satisfying (l8D(i)-(ii). □ 

5 Euler Equation for Half- Harmonic Maps into Mani- 
folds 

We consider a compact k dimensional manifold without boundary M C M^. Let Tij^f be 
the orthogonal projection on M . We also consider the Dirichlet energy (|T3|) . 

The weak 1/2-harmonic maps are defined as critical points of the functional (IT^ with 
respect to perturbation of the form Iij^{u + t(t)), where is an arbitrary compacted supported 
smooth map from IR into iR™ . 
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Definition 5.1 We say that u G H^^'^{1R^M) is a weak 1/2-harmonic map if and only if, 
for every maps (p G H^/^{R, BJ^) n L°°(iR, BJ^) we have 

|£(n^(n + t0))|,^„ = O. (55) 

□ 

We introduce some notations. We denote by /\{1R"^) the exterior algebra (or Grassmann 
Algebra) of iR™ and by tlie symbol A the exterior or wedge product. For every p = 1, . . . ,m, 
/\p(iR™') is the vector space of p-vectors 

If {€i)i=i^,,,^m is the canonical orthonormal basis of M"^, then every element v G Ap(-^™) 
is written as f = J^i'^i^i where / = {ii, . . . ,ip} with 1 < ii < . . . < ip < m , Vj := 
and ei =:= e^, A . . . A e^^ . 

By the symbol L we denote the interior multiplication L: /\p(iR™) x /\^{M^) — )■ l\q^p{JR^) 
defined as follows. 

Let e/ = A . . . A , e J = A . . . A tj^ , with q > p . Then e/ L e j = if / ^ J, otherwise 
e/Lej = {—l)'^^eK where ex is a. q — p vector and M is the number of pairs {i,j) E I x J 
with j > i . 

Finally by the symbol * we denote the Hodge-star operator, *: /\p(iR'") — )■ Am-p(-^™)' 
defined by */3 = /3L(ei A . . . A e„). For an introduction of the Grassmann Algebra we refer 
the reader to the first Chapter of the book by Federer[0] . 

In the sequel we denote by and P^ respectively the tangent and the normal projection 
to the manifold A/". 

They verify the following properties: {P'^Y = P^, (P^)* = P^ (namely they are sym- 
metric operators), (P^)^ = P^, (P^)^ = P^, P^ + P^ = Id, P^'P^ = P^P"" = . 

We set e = ei A . . . A efc and n = e^+i A . . . A • For avery z G Af, e{z) and n{z) give the 
orientation respectively of the tangent fc-plane and the normal m — /c-plane to T^A/" . 

We observe that for every v G M"^ we have 

P^v = (-l)"-^*((fLe) An). (56) 



P'% = (-l)'=-i*(eA(t;Ln)). (57) 

We observe that P^and P^ can be seen as matrices in H^/^{R, IRJ^) n L°°(iR, iR™) . 
Next we write the Euler equation associated to the functional f|T3|) . 



Proposition 5.1 All weak 1/2-harmonic maps u G H^/\]R,Af) satisfy in a weak sense 
i) the equation 

/ (A^/\,) ■vdx = 0, (58) 

JlR 

for every v G H^^'^(]R, ]R^) fl L°°(]R,]R'^) and v G T„(^.)A/' almost everywhere, or in a 
equivalent way 
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ii) the equation 

P^A^/^u = mV , (59) 

or 

Hi) the equation 

A'/\P^A'/%) = T{P^, u) - {A"^P^)A"\ , (60) 

□ 

The Euler Lagrange equation fl60l) can be completed by the following "structure equation": 
Proposition 5.2 All maps in H^^'^(]R,J\f) satisfy the following identity 

A^/\n{p^ A'^\)) = n{S{p^, u)) - {A'^^p^){nA^/\) . (ei) 

□ 

For the proofs of Proposition 15.11 and 15.21 we refer the reader to [1] . 

Next we see that by combining fl60|) and fl6T|l we can obtain the new equation (11. ip for 
the vector field v = (P^ A^^^u,TZ{P'^ A^^^u)) where an antisymmetric potential appears. 
We introduce the following matrices 

^^l/4pT)pT ^ pT^l/4pT _ ^l/4(pTpT) 

^1 = 2 ' ^^'^^ 

U2 = (Ai/^P^)P^ + P^A^/^P^ - Ai/^(P^P^) , (63) 

/^l/4pr)pT _ pT^l/4pT 

^ = - '-^ ; (64) 

and 

(7eAl/4pT)pT ^ pT^l/4/7^^1/4pT) _ 7^^1/4/pTpT) 
^^3 = ^ , (65) 

cu^ = (7^Al/^P^)P^ + P^(7^Al/^P^) - 7^Al/^(P^P^), (66) 

/7^^1/4pT)pT _ pT/7^^1/4pT) 

ujn = . (67) 

We observe that Theorem 1 1 . 3 1 and Theorem 11.41 imply respectively that A^^^(uJi), A^/^(u;2) 
and A^^^^tu^), A^/'^{uj4) are in the homogeneous Hardy Space 'H^(iR). Therefore Ui, uj2, CO3, coa G 
L'^'^{]R) . The matrices u and u-ji are antisymmetric. 

Proof of Proposition 11.11 From Propositions 15.11 and 15.21 it follows that u satisfies in a 
weak sense the equations f l60|) and fl6T]) . 

The key point is to estimate the the terms {A^/^P^)A^/'^u and {A^/'^P^)TZ{A^/'^u) 

• Re-writing of {A^/^P^)A^/'^u . 
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Now we have 

A 1/1 pT 

{A'"P^)P^ = u, + u: + ^^^- (68) 

and 



^^\/ApT^pN ^ ^^l/4pT^|piV _^ pT^l/ApN _ ^l/4^pTpJV-j _ pT^l/4pN 

= a;2 + P^AV4pT (69) 
^i/4pr 

= CJ2 + UJl - UJ -\ . 

Thus 



(AV^P^)(P^AV^.) ^ ,^(p.^v..)^^p.AV^.) 



(70) 



(AV4pT)(piv^i/4^) = (a;i + a;2)(P^AV4«)-^(P^AV4«) (71) 

= n{uji + uj2)n{p'' A^'^u) - n{uj)n{p'' A^i^u) 

+ P(-a; + a;i+a;2,(P^A'/'«)). 

• Re-writing of {A^I'^P^){nA^l^u) . 
We have 

(^i/4piv^)(^^i/4^^ = (7e(Ai/^P^))(P^(A^/^M) + P^(AV^ii))) 
+ P((7e(AV4p^)),AV4ii). 

We estimate {nA^I^P^)P'^{A^l^u) and (7^AV4pA^)p^(AV4^i) . We have 

^^^l/4piV)pr ^ -{JlA'/^pT)pT 

(7^AV4p^) 
— — a;3 — uj-n ^ 

(7^AV4p^) 
= -a;3 - a;7j H ^ ' 
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and 

= -[{nA'/'p^)p^ + p^{nA'/'p^) - 7^A^/^ (p^p^)] 
+ p^(7^Al/^p^) 

= -U4 -UJ3+UJti^ • 

Thus 

^^^'^'^"^^"^^'^'^ = -uj,{P''A'/'u)~u,{P''A'/\)+un{P''A'/'u) 

= n{-uj3 - uj4)n{p'' A^/\) 
+ n{ujn)n{p'' A^/\) 

+ F{uJn-i03-ujA,P^A'^/^u). 
By combining dZO]), dH]), ([72D , ([73]) we obtain 



+ 2 

where f2i and VL2 are given by 



un -VMJn j V nP^A^/^u 



^ -2F{-u + u,+ UJ2, (P^AV4«)) + T(P^, u) 

' V -2P(7^(AV4p^), 7^(Al/4^)) _ 2F{ujTi - - c^4, P^(A1/4m) + 7^(5(P^, 



^2 = 2 

The matrix 



-cji -[7^(a;i + UJ2) + CR-iuj) - oJn)] 



Q = 2 
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is antisymmetric . 

We observe that from the estimate ([IHD it follows that Qi e ^"^/^(iR, iR^™) and 

imn-^/HR) < C(||P^bv2(jj) + ||P^bv.(iR))l|A^/^«|U.,^ . (75) 

On the other hand ^2 ^ -^^'H-^j -^2m) and 

l|f^2||L^.(K) < + II^^IIhv.(^)) • (76) 

This concludes the proof of proposition 11.11 □ 

Proof of Theorem 11.71 

From Proposition 11.11 it follows that v = (P^(A^^^u),TZ{P^{A^^^u))) solves equation 
f in|) which of the type (jS]) up to the term Cli. Therefore the arguments are very similar to 
those of Theorem 11.11 and we give only a sketch of proof. 

We aim at obtaining that A^^^u G Lf^^(iR), for all p > 1 . To this purpose we take p > 
such that 

II^I|l2(B{0,p)7 l|-P^lli/i/2(B(0,p)' ll-P^lli/i/2(B(o,p) < ^0, 

with Eo > small enough. Let xq G 5(0, p/4) and r G (0,p/8). As in the case of equation 
(E]) we argue by duality and multiply both sides of equation ( I7i|) by = A~^^^{gra), with 
g G L'^'^{1R), \\g\\L2,i < 1 and gra = lBixo,ra)g, with < a < 1/4. 
It is enough to estimate the integral 

^ / A-^/^P^gr^)) \ 
^^^1^ A-V4p^(^.„)) J^^- ^^^^ 

(being the other terms already estimated in the proof of Theorem II. ip . 
We observe that 



(P^(A1/4m))2 + (7^(P^(A1/4M)))2 



= ||t>||j;^2,oo (7J 



By combining Lemma IA.lt IA.2t IA.5I and IA.6I and the estimate (ITHl) we obtain 

+00 

h=l 

h=l 

Therefore v satisfies an estimate of the type which implies ||t>||j;^2,oo(B(a,g r)) < Cr^^ , for a 
and £0 small enough, for all Xq G 5(0, p/4) and < r < p/8 and for some (3 G (0, 1/2) . 

By arguing as in Theorem 11.11 we deduce that v G L^^^{1R), for all p > 1. Therefore 
A^/^u G LL(^), for all p > 1 as well. 

This implies that u G C;°'° for some < a < 1, since WlJ^'^{lR) > C^^"{1R) if p > 2 (see 
for instance [2]). This concludes the proof of Theorem 11.71 . □ 
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A Localization Estimates 



The aim of this Appendix is to provide locahzation estimates for the terms appearing in the 
equation ([5]) and the equation fl7i|) . 
For r > 0, h E Z and Xo E M we set 

A,,,, = Bixo, 2^+1) \ Bixo, 2^-1) and A'^^,^ = B{x^, 2^) \ i?(xo, 2^-^) . 

We first locahze the term N{Q,v). 

Lemma A.l Let Q e H^/^{]R) n L°°{]R), ||Q||i^i/2(jj) < ^o, e L'^{JR), 9 G L'^'^{JR), supp 
g C B{xQ,ra), with xq E M, < a < ^, r > 0. Then we have 

/ N{Q,v)A~'^^'^gdx < 6o\\g\\L2,i\\v\\L2,^^B{xo,r)) (79) 
Jm 

h=l 

Proof of Lemma I A. IL We consider a dyadic decomposition of the unity cpj G C^{1R) such 
that 

+ 00 

{(Pj) C B2,+iriXo) \ 52,-i,.(Xo), ^ipj = l. (80) 



supp 



We set Xr ■■= E-oo ^j- We observe that the function ip = A'^/'^g is in L'^{R)nH^/'^{R). 
We take the scalar product of N(Q, v) with A~^^^g and we integrate. We write 

/ N{Q,v)A-^/^gdx = [ N{Q,Xrv)A-^'^gdx 

(1) 

„ +00 

+ / y^N{Q,^r.v)A-^'^gdx 
■^^ h=i 



(2) 

To estimate (1) we use the fact that N{Q,v) e H-^'^{1R) and 

< WQW 

(1) < ||A"^/^5(||^l/2(jR)||Q||j^l/2(jR)|b|U2.- 

Next we spilt (2) in two parts: 
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oo „ 

(2) = N{Q,ipkV)lBi.,^r/4)A~^^^gdx 

k=l -^^ 



(3) 



oo oo „ 

+ EE / N{Q,V>kv)lA',^^A-'/'gdx. 
k=i h=-i 



' V ' 

(4) 

We observe that in (3) and (4) we can exchange the integral with the infinite sum (see the 
Appendix in jl]) . 

We estimate (3). We first observe that since '^B(xo,r/i) and (pk have disjoint supports, we 
have 

Thus 

oo „ 

k=l 

oo „ 

-E/ ^-\\-\"'m 

[Q{iPkv) * {\B{xo,r/i)A~^/'^g) - {(fkv) * {QlB{xo,r/4)A-'^/'^g)] 



oo 

~ E ll'^l ^^^lllL°°(B'=(0,2'^r)) 
A;=l 



\\\Q{VkV) * {lB{xo,r/i)A ^/^^)IIli(JR) + \\{^kV) * {QlB{xo,r/i)A ^'^g)\\L^] 



A;=l 



2||Q||L-||v^fe^^||Li(A;,,,3)||ls(xo,r/4)A ^/^^) ||l1(jr) 



k=l 



< 



a 



k=l 
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We estimate (4) . 

oo „ 



(5) 



oo „ 

k=l \k-h\>5^'^ ' ' 



(6) 



We observe that 
Thus 



oo 

k=l \k-h\>5 

oo 
k=l 

In order to estimate (6) we observe ii \k — h\ > 6 then ifkV and 1^'^ ^"^^^9 have disjoint 
supports . Thus by arguing as in (3) we get 



+ 00 



(6) < «i/^||g||L^lkllL^a(^)5^2-^'/l^;|U.,»(^,,^^). 

k=l 

This concludes the proof of Lemma lA.ll . □ 

Lemma A. 2 Let Q G H^/^{R) n L°°{1R), supp Q C B%0,p) for some p > 0, v e L^{1R), 
Xo G B{0,p/A), g G L'^''^{R), supp g C B{xo,ra), with ,0<a<l,0<r< p/8. 
Then we have 

J^N{Q,v)A-^^'^gdx < Q II^IIl^.^jr) ||Q||^i/2(jr,) ||^^||L2.-{B(xo,r)) (81) 

+ 00 

(ligiU^ + ||g||^i/.(^,))||^7||L^a(^)5^2-'^/lt;|U.,^(^,,^^). 

h=l 
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Proof of Lemma IA.2L We write 

/ N{Q,v)A~^/^gdx = I N{Q,Xrv)A-^/^gdx 

JM JlR 



(7) 

N{Q, (1 - xMA-'/'^gdx . 



M 



(8) 



We denote by Qp = \Bp{0)\-^ J^^^^^^Q{y)dy = and write Q = Yl=-i^h{Q - Qp) , with 
supp((^/,) C 5(0, \ 5(0, If partition of unity. 

We estimate (7). 



(7)= / NiJ^ VhiQ -Qp),Xrv)A-'/'gdx 
h=-i 

+ 00 „ 

= E / [-MQ-QpW'\Xrv)A-'''g + A''\MQ-Qp){xrv)A-'/^g]dx 

+ 00 

h=-l 

[-{Xrv) * {MQ - Qp)^'^"9) + MQ - Qp) * {XrvA-^/^g)] dx 

< E \M'"'\\L-iB^iO,2^p)) \\\XrV\W\\Vh{Q-Qp)\\LA\^-"'g\\L^] 



h=-l 

+00 ^ X 1/2 



^ ||5'I|l2,1(jr) E ^"''^^ ( - j \\v\\L^.°-iB{xo,r)\\^hiQ " Qp) II i/i/2{iR) 
h=-l 



by Lemma 4.1 in |1] 

^ ( - 1 ll5'l|L2.i(JR)ll<5llHi/2(K)||t^||L2.-{B(xo,r)) ■ 

By arguing as in (3) and (4) we get 

(8) < (IIQIIl^ + IIQbi/2(^))||^7lU2,Mi?)"'/' E 2~'/l^lU^-(A.,.o) • (82) 

h=l 

This concludes the proof of Lemma IA.2I . □ 

The locahzation of the operator S{Q, A^^^'^v), with v G L'^{]R) is similar to that of 
N{Q,v) and we omit it. 
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Lemma A. 3 Let A e LP''^{1R), G iR, r > 0, < a < 1 and g e L^'^(iR), supp 
g C B{xo, ra). Then 

AvA'^^'^gdx < ||A||i2,i||5(||i2,i||w||i2,cx,(£,(^o,r-)) (83) 

+ 00 

h=-l 

Proof of Lemma IA.31 We write 

n n I OO n 

\ Av^-^l^gdx = / AvlB{xo,r)A~^^^9dx + y] / AvIa'^ A~^/'^gdx 

v s / 



We have 



(9) < \\AA-^/^g\\L24v\\L2,^^B{xo,r)) 

< \\A\\L2,i\\A'^^^g\\L^\\v\\L2,^^B{xo,r)) 
^ II^IU^,! WgWL'^.i \\v\\L2.oo(B{xo,r)) ■ 



+ 00 „ 

(10) ^ J2 / -^"Mi-r^/'](e)^7*(iA;,,,/^)rfe 

+ 00 

/i=0 

+ 00 

/i=0 

+ 00 

< 5^2-'^/V-V2(m)V2||^|U2,.p|U2,.||.;|U2,.(^^,^^) 

/i=0 

+ 00 

/i=0 

This concludes the proof of Lemma [A.3I . □ 

Lemma A. 4 Let G L'^{1R, Mmxm{Si} be such that supp C B'^{0,p), v G L'^{1R), xq G 
S(0,p/4), 5( G L^'^(iR), sn^>i) 5- C i?(xo,rQ;), with ,0<a<l,0<r< p/8. 
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Then we have 



[ QvA-'/'gdx < {raY/'\\g\\L2.^\\Q\\L4v\\L^ • (84) 
Jm 

Proof of Lemma IA.41 We use the fact that Q and g have disjoint supports. 

f nv^-^/^gdx = [ T-W-\-^/^){09*M^ 
Jm. JiR 



< 
< 



4X1/2 



< {raf'\\gh...M,4v\\L^. 
This concludes the proof of Lemma IA.4I . □ 
Now we are going to locahze the operator F defined in f|T6|) . 



Lemma A. 5 Let Q G L\R) f] L°°{R), \\Q\\l^ir) < Sq, v e L'^{1R), g G L^'\1R), supp 
g C B{xQ,ra), with Xq E M, < a < ^, r > 0. 
Then we have 

F{Q,v)A-'/'gdx < eo\\g\\L24v\\L2,..^s,.i.o) (85) 

m 

+00 



+ «V2(||Q||^,(^) + ||Q||^^)||^||^,,^2-V2||^||^„ 



h=l 



Proof of Lemma I A. 51 We take the scalar product of F{Q, v) with A ^^^g and we integrate. 
We get 



[ F{Q,v)A'^/^gdx = I F{Q,Xrv)A-^/^gdx 
Jm Jm 



(11) 

-CO 



+ / y2FiQ,ip,v)A-'/^gdx . 



(12) 

To estimate (11) we use the fact that F{Q,v) E H^^^^{1R) and 

ll^(<5,^)lli/i/2(JR) ^ \\Q\\l^M)\\v\\l^'^ ■ 
(11) < \\A-^l*g\\^,/2^^j^^\\Q\\L2(]R)\\v\\L2,^(B{x,,,r)) 



< 

< 



L2.1 



\\Q\\L^M)\\v\\L'^''^{B{xo,r)) 
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Next we spilt (12) in two parts: 



Estimate of (13): 



(12) = V / F(Q,(^fct;)lB(.o,r/4)A-i/Va; 
k=i 



oo oo „ 



(14) 



+ 00 „ 

(13) = E / F{Q,^uv)^B{.,,r/i)^~^'^9dx 

+ 00 „ 

= y2 T^{Q)T^{^kv)^B{xo,r/i)^~^''^gdx 

k=l 



+ 00 



k=l 

+ 00 



1.-1 Jb. 



mvkv)*mB[.,,r/,A-^"9)di 



< 



E \\7\\L°°iB''(xo,2>'-^r))\\fkV\\L^M)\\Q'^B(xo,r/4)^ ^^'^OW 



+ 00 



< E2-'^-'2^/V/Vai/l.;|U.o.(^,,^^)||Q|U.||^|U.a 



k=l 



+ 00 



< 



(r«)^/lg||Loo||^|U.iE2"'/'ll^^llL^>. 



k=l 



The estimate of (14) is analogous of (4) in the proof of Lemma [A.2I and we omit it. □ 



Lemma A.6 Let Q e L^{]R) fl L°°{]R), supp Q C 5^(0, p) for some p > 0, v e L^{M), 
xo e 5(0, p/4), g e L2'^(iR), supp g C B{xo,ra), with ,0<a<l,0<r< p/8. 
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Then we have 



f F{Q,v)A-'/'gdx < 



1/2 



\\Q\\L2\\g\\L^.AM\L^.o.{Bixo,r)) ( 



+00 



h=l 



Proof of Lemma IA.61 We just give a sketch of proof. 
We write 



F{Q,v)A-^/'^gda 



X = I F{Q,XrV)lB{xo,r/4) 

iR Jm 



A~'/'gd. 



X 



(15) 



+ / F{Q,Xrv)^A'^ A-^/^gdx 



(16) 



+ / F{Q,il-Xr)v)A-'/^gdx . 
Jm 



(17) 



To estimate (15) we write Q = J2h=-2VhQ with supp <^h ^ 5(0, 2^^+^ \ 5(0, 2^^-^) and 
partition of unity. 



CO „ 

(15) = n{^hQ)n{XrV)^Bix,,r/A)A-^'^9dx 



h=-2 



m^hQ) * [n{xrv)lLBi.o,rmA-'/^g]d^ 



< 



^\\L^{B'={0,2hp))\\'f'hQ\\LA\'^iXrV)\\L^Bixo,r/'i))\\^ ^ ^ 9 \\ L°° (M) 



h=-2 



< 



1/2 oo 

L^A\\n{XrV)\\L^,^(B{xo,r/A)) [-] "^'^^^ WQW L^{A^,o) 



h=-2 



V\l/2 

< ' -J \\9\\L^'A\Q\\L^\ML2'^iB{xo,r)) 
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Now we write 



(16) 



+00 +00 „ 

F{^,Q,Xrv)lA',^^A-'/'gdx 



h=~2 k=~2 



+00 „ 

J2 J2 F{^kiQ,Xrv)lA',^^^A-'/'gdx 



h=-2 \k~h\<5 



+00 » 

+ E E / F{^kQ,Xrv)lA',^^A-'/'gdx 

h— 01;. ul^ c: J 



h=-2 \k-h\>5 



by arguing as in (5) and (6) 



< 



I^IIl2.i||<5IIl2 



1/2 



+ a 



1/2 



The estimate of (16) is analogous to (2) in the proof of Lemma [A. II and we omit it. 



□ 



B Commutator Estimates 

We consider the Littlewood-Paley decomposition of unity introduced in Section [2l For every 
j E Z and / G 5'(iR") we define the Littlewood-Paley projection operators Pj and P<j by 

Informally Pj is a frequency projection to the annulus {2^^^ < |^| < 2-'}, while P<j is a 
frequency projection to the ball {|^| < 2-'} . We will set fj = Pjf and = P<jf ■ 

We observe that = X]fc=-oo fk f ~ ^k=-oo fk (where the convergence is in 
5'(iR")) . 

Given f,g & S'{1R) we can split the product in the following way 



fg = n,{f,g) + n2{f,g) + Mf,g), 



17) 
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where 




ni(/,^) = Yl 9k = Y^i3- 



j-4 . 




n2(/,^) = Y^'^Y 9k = Y3jf- 



■j-4 . 




Mf,9) = Yf^ Y 9k- 



—CO |fc— j|<4 



We observe that for every j we have 



supp-FEl3_3/,^,]c{|^|<2^+n- 



The three pieces of the decomposition (IHTI) are examples of paraproducts. Informally the first 
paraproduct IIi is an operator which allows high frequences of / (~ 2^) multiplied by low 
frequences of g (<^ 2^) to produce high frequences in the output. The second paraproduct 
112 multiplies low fequences of / with high frequences of g to produce high fequences in 
the output. The third paraproduct II3 multiply high frequences of / with high frequences 
of g to produce comparable or lower frequences in the output. For a presentation of these 
paraproducts we refer to the reader for instance to the book j8j . The following two Lemmae 
will be often used in the sequel. For the proof of the first one we refer the reader to ^ . 

Lemma B.l For every f E S' we have 



Lemma B.2 Let ip be a Schwartz radial function such that supp{ip) C i?(0,4). Then 



where C^^n is a positive constant depending on the norm of ip and the dimension . 
Proof of Lemma IB. 21 We recall that 



supl/^l <M(/). 



V'^-F-VlO =-^~'[^''a;'=V^](0• 



We write 
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The following estimates hold. 



where Un = \Bi 



i?i>i 



{^^e'^'')i){x){ixfdx 



< 



Cl>i 



e"'''A^{ij{x){ixY)dx 
4^= + 2M''~^ + k{k - 1)4 



d^ 

fc-2 



d^ 



^9) 



C2 



By combining ( 188|) and (189|) we obtain 

||v'=^-V(0IUi<c^n4ll^lUi 

4fc + 2A;4'=~i + k{k - l)4'=-2 
H — WWWc^ 



(90) 



This concludes the proof of Lemma IB.2[ 



□ 



Lemma B.3 Let f G -Bj^ oo(-^")- ^^6"- /^'^ all k e IN and for all j E Z we have 

Proof of Lemma IB. 31 Let ^' be a Schwartz radial function such that ^' = 1 in i?2 and 

^ = in 5^(0,4) . 

Since suppj-'[fj] C B2J+1 \ B2j'i we have 



Observe that 



e 



(91) 



II / e"«^(2-^o£rfellLi 

2"i /" e'^'^^^pio^daL^ 



2-^||V'=J-i[V^](2^--)|Ui 
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Thus 



< \\J^-^[^p{2-^^)—lu-.\\Jj\\L 



1^1 

= ||^-MV'=^]|U.||/,|U^<C^4'=||/,|U^. □ 

Now we start with a series of prehminary Lemmae which will be crucial in the construction 
of the gauge P in Section S] 

Lemma B.4 Let a e W^/^^'^iM), r < 2 and b e H^/^{]R). Then 

'■{iR)ll^llijV2(JR) • 

Proof of Lemma IB. 41 

• Estimate of ||n2(Ai/^(a6))||Lr . 

II J2^y\a^-%WL^ ^ ^ (^X:2>^-T|fe/] ^ dx 

< [ snp\a^-r (j2^'\b, 



3 

r/2 

|2 



by Holder Inequality 

2-r / \ r/2 

< (I^supK^^I^^) ' {jj^h?dx 



3 



< ||a||^^||&ir^i/2 < II a II l^i/iA. 11^11^1/2 



In the last inequality we use the embedding W^'''^''^{1R) L~{1R) ,(see for instance [2]). 
• Estimate of \\]l2iaA^/%)\\Lr . 

\\U,iaA'/%)\\l. ^J^{Y1 \a'-r\^'%\'dx^ dx 
< J sup|a^-^p f^lA^^lA dx 



'M 3 

^ lkllvi/l/2,r 11^11^1/2 
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Estimate of ||n2((Ai/^a)6)||Lr . 

||n2((AV4a)6)l|l. < |AVV-tl& 
/ sup (2-^/>i/V-^|)' 



r/2 



< 



r/2 

^ ' dx 



< 



r/2 



< 



< 



lijl/2 



|Ct|lM/l/2,r||0||^l/2- 

Estimate of ||n3(Ai/^(a6))||i. . 

\\n3{A'/\ab))\\lr ~ sup / y2iA'^^h)ajbjdx 

\\hn^,<lJ]R. ■ 



sup 

II^II^.'<1 



Now we estimate the last two terms in (I92 



/" V V {A^^'^hk)ajbjdx + [ y2{A^^^h^-^)ajbjdx 



2''l«il>il' 



< 



< 



T-/2 



1/ 



L'-'ll"ll-Bgo.ooll'^llwl/2,r- 



Tlie estimate of /jjXlj X][fc-j|<3(^"'^''^^fc)'^j^j'^^ is similar and we omit it. 
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Estimate of ||n3(aAV4&)||^. 



\\ns{aA'/%)\\l. < 



M 



dx 



r/2 

dx 



by Cauchy-Schwartz Inequality 



< 



E 



r/(2-r) 

dx 



(2-r)/2 



r/(2-r) 



< ||a|r, 2^||&||^i/2 < ||a|IW.-II^IIW- 



Estimate of \\Ii^{{/\^/^a)h)\\Lr . 



~ ll'^llH/l/2,r||&||^l/2- 

Estimate of ||ni(aAV4?,)||^. . 



||ni(aA^/^6)||L. ~ sup / y^A}'^b>-^ajhjdx 



< 



/^.up|AVV-|(E.|)"(E 



1/2 



by generalized Holder Inequality: | + + ^ = 1 



^ ll^lljji/2||a||^^ll^llL'-' ^ ll^llijV2||a|Uv2,- 
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Estimate of \\Ili{A^/\ab) - {A^/*a)b)\\Lr . 

\\U^{A'/\ab) - {A'/'a)b)\\Lr 



(93) 



A''^ajV-^)dx 
A"\a,)hk)di 



j \k~j<3 



< sup [ T T J'[b'-']J'[^'^'ha, - A'/'a,h)d^ 

^^p /EE -^[^"1(0 



j \k-j\<3 



f 1 

Now we observe that in ([93]) we liave 1^1 < 2^'^ and 2^-"^ < \r]\ < 2^+"^. Tlius 1-1 < - . Hence 

7] 2 



-[i+ii-^r/r' 

1] 7] 



(94) 



|l/2ir 



A;=0 



We may suppose that Xlfclo convergent if | — | < - , otherwise one may consider a 

different Littlewood-Paley decomposition by replacing the exponent j — 4 with j — s, s > 
large enough. We introduce the following notation: for every > we set 



Sk9 = :F-\c^'^'\e'':Fg]. 

en Skh e Bt^)l^ 
Moreover if Q G H^'"^ then V^+^Q) e H'^-^'^ . 



We note that \i h e B'^ then ^^/i e 5^^^+'' and if h e then ^^/i e «+V2+fe . 
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Next we continue with the proof of fl93|) . 

sup / V V hkiA^/^a.V-*) - {A^/\)V-^)d 



11/^11,.. <1,=0 ^' i |fc-,|<3 

by Lemma [B. 3 1 

sup Ef2-^'4^^'II^II^Sco. / E E 2(^^^)^|[(5,/..)a,)](x)M. 



< 



< 



sup E772-^'4^^'II^II^S.. / El(2^'''^'^''^^^.)ll(2^^/\-)M^ 
by Schwartz Inequahty 

oo „ 

by Holder Inequahty 

oo 



l/r' / \ 1/r 

/2 



< sup 5^|2-2l6bc, „^1|/.||,H|A'/'«IU^ 



ll£r'<l £=0 ^' 



< 



l^^lliyi/a.r 



This concludes the proof of Lemma [B.4I . 
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Lemma B.5 Letl <r <2, a e W^/^'''{1R) and b e H^/^{M) n L°°(iR) . Then 

||a&IUl/2.r < C'||a||^yl/2,.(||6||^l/2 + M L^) . 

Proof of Lemma IBTsI . • Estimate of \\Ui{A^/^{ab))\\Lr . 



r/2 

dx 



r/2 / \ r/2 



^ II^IIl-II«IIW^ 



Estimate of ||n2A^/^(a6)||ir . 

||yA^/^(a^-%)||ir ~ sup /" y a^-ifojA^/^/i,- 

< sup / sup|a^-^| f5^2>,|A cix 



1/2 / \ 1/2 



< sup / \M{a)\ 5^2>,M El^^l 

\\h\\^,<lJM W / W / 



by generalized Holder Inequality: + h + \^ = 1 



< ||&||^l/2||a||iyl/2,r 



Estimate of ||n3(Ai/4(a6)||Lr . 
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sup 

II'^II^.'<1 



sup 

II?»II^,.'<1 



j \k-j\<3 



j \k-j\<3 

We estimate the term Jj^ J2j{'^jbj)A^^^h^~^dx . 



J R A \U „I^Q JR A 



< 



1/2 

2%^^ 1 dx 



< 



1/ 



The term Jj^^J^j 'I2\k-j\<3('^jbj)^^^^^kdx is estimated in a similar way. Thus we get 

j 

This concludes the proof of Lemma IB.5I . 

Lemma B.6 Let 1 < r < 2 < q, a e W^/^'''{1R) and b e W^/^''^{]R) and t = 



Proof of Lemma IB. 61 . 

• Estimate of \\Il2iA^ /\ab))\\Lt . 
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3 ''^ \ j 



|2 



t/2 



<ii«ir - ii&iiw. 



In the above expression we use the fact that ^ = ^ 
• Estimate of ||n2((A^/^a)6)||L* . 



t/2 



dx 



t/2 / t/2 
2 



tq/2iq-t)^ 



1-t/q 



~ II '^111*9/9-* II ^11 VKl/2,9 ~ ll^llvi/l/2.'-|l^llvKl/2,9 



Estimate of ||n3(AV4(a6))||^t . 
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VA^/^(a,-6,)||Lt ~ sup [ A^/^hJ^ajbjdx 
. \m^t,<iJ]R j 



sup 
l|/»ll^t'<i 



j \j-k\<A 

We estimate the term J„ ^ ■ A^^'^h^^'^ajbjdx 



< 



/ sup (2-^/'| AV4/i^-4) I 2^/>,||6,|dx 
Jr j 



£(E.-^iA-'v-T)''T''k(EKif'(E-i^^ 



< 



t/2' 



1 lA 



~ W'WLt'el 



R 



E 



tg/2(Q-t) 

dx 



3t 



q/2 



dx 



1/9 



< 



W\\tq/q- 



< ||a||^l/2,r||6||^l/2,« . 

The estimate of jj^'^j Yli\j-k\<i^^^^^kO'jbjdx is similar. 
• Estimate of \\U.^{{A^l^a)h)\\Lt ■ 
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t/2 / \ t/2 



2^'6jf 1 da; 



Estimate of ||n2(Ai/4(a6) - {/\^/^a)b)\\Lt . 

\\Y,{^"\ah)-{A'/'a)h)\\U (96) 
i 

= sup / V/i,[Ai/^(a,-6^-^) - (Ai/%)6^'^]cia; 
= sup 

= sup / $^-F[6r^(r/)(/ ^H<om(^-o[ier/^-ir]-er/w^- 



Now we argue as in (195|) 

CX) „ 

® < sup El / E E [V^+V-1(5,/..)a,)](x)da; 



CXD „ 

sup El / E[2~^'^'^'^'V^+i6^'~l2^-(^+i/2)(^^^^.)^^.)](^)^^ 



< 



< 



oo « 

sup El / sup[2^(^+^/^)(5,/.,)] 



\ 1/2 / \ 1/2 
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< 



sup 



.<1 



1/2 



E 



1/2 



< sup (/ {j22^A-y%\r/r 



E 



qt/2{q~ty 



-1 (J-*/?* r 



iR 



El".! 



g/2" 



1 1/9 



^ lkllL9i/9-i ||&||h/V2,<J ^ ||a.||vi/l/2,r||6||v(/l/2,9 . 



This concludes the proof of Lemma IB.6I 

Lemma B.7 Let a e if ^/^(iR") n L°°(iR"), b e W^/^^i{lR''), 2 < g < +oo . Then 
||AV4(a6)-(Ai/4a)6|U,(^„)<||6||^./, 

1{1R") ll'^llijl/2(JRn) + ||'jt||L°°(iR") 



Proof of Lemma IB. 71 

• Estimate of \\Ui{A'^/^{ab))\\l, 



q/2 



Estimate of \\Iii{{A^l^a)h)\\l 



LI ■ 



; ||sup2-^/2|Ai/V-rLooy^ (^X]2>,f j dx 



□ 
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• Estimate of ||n3(AV4(afe))||^, . 



5^Ai/^(a,6,)||M= sup [ iA'/'h)J2^Mx 



sup 



<1 



idx 



j \k-j\<4 



We estimate the last term: 



/ E E ^^'^h^-\bjdx 



j \k-j\<A 



^ IIc^IIbo 

~ II ll-°oo,cxi 



M 



1/2 



E2>. 



1/2 



~ II ll-°oo,txj 









<7/2\ 




"T"(/. 


E2-'i^/ 

j 





Estimate of \\U3{{A^ /'^a)b)\\L, ■ 



2_]A.^^'^cijbj\\L<i— sup / A^^'^ajbjdx 



sup 

i|L„/<l 



h{Ay\)bjdx+ [ Y.W-\Ay\)b,dx 

J]R A 17. A\^A 



3 \k-j\<A 



We estimate the last term jj^ Ylj ^A^^^ajbjdx. 

To this purpose we show that J^j A^/^{y~%j) e h}- and the conclusion follows from the 
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embedding H^/^{M) ^ BM0{1R) . We have 

1/2 



1/2 

dx 



l/g' / . \ 



^ ll'MlL9'niH/V2., . 



Estimate of ||n2(AV4(a5) _ (Ai/^a)^)!^, . 
||n2(Ai/^(a6)-(AV4a)6)|U, 
~ sup / y^hj{A^I\ajV-^) - AajV-^)dx 

\\h\\^^,<lJR ■ 

~ sup 

\\h\\^^,<lJlR j 

sup / 5^-F[6r^(r^) / mAom^v - om"' - \v - ^\"')di 



~ ll«b;^,ooll^lUi/2..iKMiL,' 

This concludes the proof of Lemma [B. 71 . □ 

In the next Theorem we prove an estimate for the dual of the operator F introduced in 
fll6l) . It is defined as follows: given Q eL\]R),ve H^/\]R) we have 

F*iQ, v) = A'/\Qv) - A"^n{n{Q)v) . 

Lemma B.8 Let Q E L'^iM), v E H^I^{IR). Then 

W\Qv) - I\'"'n{n{Q)v)\W^ < \\Q\\L4v\\mP ■ (97) 
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Proof of Lemma IB. 81 . 
Estimate of U2iA^/\Q,v)) 



< 



||(5I|l2|I^IIhi/2 • 



The estimate of Ui{A^/^n{n{Q)v)) is analogous to ([98 
Estimate of U^^A^/'^iQ, v)) . 

||n3(Q,w)i|B0^ ^ sup / {QiV. 

\\h\\„o <iJr 



dx (99) 



t=h-5 

< sup \\h\\B^^^ / 2'^^\QiVi\dx 
\Mro <i ' -JiR 

^ (y^E2X'^^) =\\Q\\L4v\\m/^ 



The estimate of ^3(A^/^7^(7^(Q)^' )) is analogous to . 
Finally one can easily check that 

\\U,iA'/\Qv) - A'/^n{niQ)v))\\n^ = . 

This concludes the proof of Lemma IB.8I . □ 
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